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This paper presents a simply additive, yet formally ex-
act, approach to multi-period performance attribution.
It also introduces a visual representation, which makes
this new approach and its relationship to prior ap-
proaches intuitively clear.

Most approaches to performance attribution only apply
to an average over a single time period (Brinson, 1985,
1986, and 1991; Karnosky, 1994; and Frank Russell
Company, 1994) or incorporate compounding over time
periods by building approximations or residuals into
their foundational premises (Karnosky, 1995; Singer,
1996, and 1998; Los, and 1999; Kirievsky, 2000).1 Some
other prominent multi-period approaches are exact but
unintuitive or incomplete (Burnie, 1998). A recently
published approach (Carino, 1999) escapes or amelio-
rates these deficiencies, but it incorporates a new major
drawback:  It makes the evaluation of any month‘s con-
tributions to this year’s performance depend upon the
values of properties that are not available until next year.
For example, August’s stock selection contribution to
this year’s excess return does not become available un-
til after the end of December. This article presents a
new approach to performance attribution, which avoids
all the problems mentioned, and is easily understood by
means of simple diagrams.

THE CHALLENGE OF PERFORMANCE ATTRI-
BUTION

Performance attribution is the general name given to a
variety of approaches aimed at understanding how a
portfolio achieved its results. All the approaches to per-
formance attribution discussed below analyze the ex-
cess return of a portfolio relative to its benchmark, over
a given time period, by decomposing the excess return
into elements. Each of these elements is meant to mea-
sure the contribution to this excess return attributable to
a particular type of investment decision.2 For example,
the (stock) selection element aims to measure the con-
tribution to the excess return caused by the decision to
weight stocks within their segment of the investment
universe differently than does the benchmark. The allo-
cation element aims to measure the contribution due to
the decision to weight the segments themselves differ-
ently than does the benchmark. A complete set of con-
tributions comprises the portfolio’s total excess return
for the period.

It is a challenging task to construct a satisfactory analy-
sis of the excess return into meaningful elements. Tem-
poral compounding (linking returns over time) can mis-
leadingly introduce, complicated dependencies.
Whereas, for the decomposition of excess return to be
useful, it must result in a simple set of intuitively mean-
ingful and appropriately available elements. Only an ex-
ceedingly accessible and timely approach can success-
fully inform portfolio managers and others who need to
quickly understand the reasons for the recent achieve-
ments of a portfolio. In short, a successful theory of per-
formance attribution should have no built-in errors due
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to inexact compounding;3 the elements should simply
add, not multiply, together to give the correct excess
compounded return, in order to produce results that are
easily informative; and, to be timely, the ultimate value
of the constituents of a sub-period within a whole pe-
riod should be calculable at the end of the sub-period,
instead of requiring information that becomes available
only much later, at the end of the whole period.

For example, in September portfolio managers want to
know, for the preceding month of August, the ultimate
and exact industry allocation, selection and other con-
tributions to the excess return of a portfolio for the total
calendar year. They cannot wait till next year to find
out the values of this August’s exact contribution to this
year’s excess return. Furthermore, all of these contribu-
tions, without residual, should exactly sum to the total
excess return. Analogous relationships should hold at
both the issue and sector levels.

Previous exact approaches (Carino, 1999) to multi-pe-
riod performance attribution decompose the excess geo-
metric (i.e. compounded) return of a portfolio relative
to its benchmark into constituents constructed out of
components defined arithmetically (i.e. without com-
pounding). This mismatch, between the geometric form
of the total and the arithmetic form of the parts, leads to
exact decompositions that are inherently complicated
and ad hoc. It turns out to be considerably simpler, and
to lead to more intuitive results, to decompose the ex-
cess geometric return into constituents that are them-
selves geometrically derived. Employing this insight,
this paper presents a new mirroring approach to perfor-
mance attribution, which is simple, timely and exact.
The paper goes on to demonstrate how a number of ap-
proaches to performance attribution, including the fa-
vored new mirroring one introduced here, can be visu-
alized and understood by means of intuitively acces-
sible diagrams.

Standard Preliminaries

Choosing the length of the basic sub-period to be a day,
the geometric return, gR1 to T, of the portfolio for the pe-
riod, including all of day 1 through all of day T ≥ 1, is
obtained in terms of the portfolio’s return, Rt, for each
individual day (t), by means of a product:

(1 + gR1 to T) ≡ (1 + R1)*(1 + R2)*(1 + R3)*…

*(1 + RT - 1)*(1 + RT) = Πt = 1 to T(1+Rt).

The geometric factor, (1 + gR1 to T), for the period, T, is
incremented on the succeeding day, T+1, by the incre-
mental geometric factor, (1 + RT + 1), for that day:

(1 + gR1 to T + 1) = (1 + gR1 to T) * (1 + RT + 1).

Herein, “incremental” will always refer to a change in a
value over one single day.

Denoting benchmark values by a superscript suffix ‘B’,
the benchmark’s geometric return for the period, from
the start of day 1 to the end of day T, is represented by
gRB

1 to T.

As performance attribution is herein understood, the ex-
cess geometric return, which it is the purpose of perfor-
mance attribution to analyze, is the amount that the geo-
metric return, gR1 to T, of the portfolio for the period is in
excess over the geometric return, gRB

1 to T, of the bench-
mark for the same period. This “excess” can be inter-
preted either geometrically as (1 + gR1 to T)/(1 + gRB

1 to T) –
1  = (gR1 to T – gRB

1 to T)/(1 + gRB
1 to T), giving the geometric

excess of geometric returns, or arithmetically as gR1 to T
– gRB

1 to T, giving the arithmetic excess of geometric re-
turns. In either interpretation, “excess” always refers to
the comparison of the portfolio to the benchmark.

THE TWO-STEP DECOMPOSITION OF EXCESS
RETURN

The basic decomposition of the excess return often can
be thought of as being carried out in two steps. First, the
excess return for the period is obtained as a concatena-
tion of constituents defined in terms of incremental,
single-day, returns. Subsequently, these constituents are
themselves obtained in terms of contributions due to
decision types. (As an aside, the contribution for a single
decision type can be accumulated over days in the pe-
riod.) This two-step process results in a decomposition
of the period’s excess return into a set of elements in-
volving the daily contributions due to decision types.

In order to carry out the first step of this decomposition,
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most previous standard exact approaches to performance
attribution decompose the excess geometric return for
the period into a function of the excess arithmetic in-
cremental (single-day) returns.4 The arithmetic return
for a period, from the start of day 1 to the end of day t, is
the sum of the single-day returns for the days in the
period:  aR1 to t = Σ

τ = 1 to t (Rτ
). The incremental arithmetic

return is the amount that the arithmetic return for the
period changes in one day, which is trivially seen to be
the return for the single day, Rt:

aR1 to t – aR1 to t - 1 = [Σ
τ = 1 to t (Rτ

)] – [Σ
τ = 1 to t -1 (Rτ

)] = Rt.

The arithmetic excess of the incremental arithmetic re-
turns is the difference between the incremental arith-
metic return for the portfolio and for the benchmark:

aΔa
t ≡ (aR1 to t – aR1 to t - 1) - (

aRB
1 to t – aRB

1 to t - 1) =

{[Σ
τ = 1 to t (Rτ

)] – [Σ
τ = 1 to t - 1 (Rτ

)]} – {[Σ
τ = 1 to t (R

B
τ
)] –

[Σ
τ = 1 to t - 1 (R

B
τ
)]} = Rt – RB

t.

It is this term, aΔa
t, the arithmetic excess of the incre-

mental arithmetic returns, which these previous stan-
dard exact approaches chose to make the foundation for
their decomposition of the excess geometric return.

After obtaining the excess geometric return for the pe-
riod as a concatenation of daily constituents that explic-
itly incorporate, aΔa

t, the arithmetic excess of the incre-
mental arithmetic returns for each day in the period, the
previous standard approaches carry out the second step
of this decomposition by decomposing this arithmetic
excess of the incremental arithmetic returns for the day
into a sum of contributions, each associated with an in-
dividual decision type:

aΔa
t = At + St + It.

The value of a contribution term is intended to repre-
sent the extent of the impact, for day t, of the particular
type of financial decision on the excess return of the
portfolio. For example, At is the contribution to the ex-
cess arithmetic return of day t associated with all the
allocation decisions on that day.

Next, these previous standard approaches combine the
two steps. The first step was building the excess geo-
metric return for the period, (1 + gR1 to T)/(1 + gRB

1 to T) –
1, or gR1 to T – gRB

1 to T, out of constituents which directly
incorporate the arithmetic excess of the incremental
arithmetic returns, aΔa

t. The second step was building
the arithmetic excess of the incremental arithmetic re-
turns, aΔa

t, out of the contributions, At, St, and It, associ-
ated with decision types. Combining these, they obtain
the geometric excess return in terms of decision-spe-
cific constituents, which are functions of these contri-
butions.

The First Step:  The Decomposition of Excess Return
in Terms of an Excess Incremental Return

Three Previous Approaches

In order to introduce, motivate and lay the ground work
for explaining and evaluating the successful new mir-
roring approach to decomposing excess return into com-
ponents incorporating excess incremental returns, the
structure of three previous approaches is analyzed.

AAAA:

• The arithmetic excess of arithmetic returns as a
simple direct sum of the arithmetic excess of the
incremental arithmetic returns;

aR1 to T – aRB
1 to T = Σt = 1 to T (Rt – RB

t) = Σt = 1 to T {
aΔa

t},

where, aΔa
t ≡ (aR1 to t – aR1 to t -1) – (aRB

1 to t – aRB
1 to t -1),

 with aR1 to t ≡ Σ
τ = 1 to t (Rτ

).

As a preliminary case, consider the decomposition of
the arithmetic excess of the arithmetic returns in terms
of the arithmetic excess of the incremental arithmetic
returns. It follows directly from the definition of the
arithmetic return, aR1 to T, for period T that:

aR1 to T – aRB
1 to T = Σt = 1 to T { Rt – RB

t }.

That is, the arithmetic excess of the arithmetic returns
for the period is just the sum, over days in the period, of
the arithmetic excess of the daily returns for each of the
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days in the period.

Employing the equation that relates the arithmetic ex-
cess of the incremental arithmetic returns to the arith-
metic excess of the daily returns, aΔa

t = Rt – RB
t, the

arithmetic excess of arithmetic returns for the period
simply becomes the sum over time of the arithmetic
excess of the incremental arithmetic returns:

aR1 to T – aRB
1 to T = Σt = 1 to T {

aΔa
t}.

This historically original approach decomposes the arith-
metic excess of the arithmetic returns, aR1 to T – aRB

1 to T,
into the direct simple sum of constituents, in {} brack-
ets. In this case, each such constituent, {}, is aΔa

t, the
arithmetic excess of the incremental arithmetic returns
for the period on day t. These are the components that
will later be analyzed into contributions, which are in-
dividually associated with a particular decision type on
a particular day.

The goal of exact performance attribution is to decom-
pose the excess geometric return, gR1 to T – gRB

1 to T, not to
decompose its arithmetic approximation, aR1 to T – aRB

1 to T.
Since this approach (AAAA) ignores compounding by
only decomposing the excess arithmetic return, aR1 to T –
aRB

1 to T, it is not exact. It is noted that components, aΔa
t,

are inherently arithmetic in that by themselves they di-
rectly compose this arithmetic approximation, aR1 to T –
aRB

1 to T.

GGAA:

• The geometric excess of geometric returns plus one
as a product of a function of the arithmetic excess
of the incremental arithmetic returns;

(1 + gR1 to T)/(1+ gRB
1 to T) = Πt =1 to T {exp[ln(1 + Rt) –

ln(1+ RB
t)]} = Πt = 1 to T {exp(kt * aΔa

t)},

where, aΔa
t ≡ (aR1 to t – aR1 to t -1) – (aRB

1 to t – aRB
1 to t -1),

with aR1 to t ≡ Σ
τ = 1 to t (Rτ

).

The decomposition of the geometric excess of the geo-
metric returns in terms of the arithmetic excess of the

incremental arithmetic returns has as an initial move
the following decomposition:

(1 + gR1 to T)/(1 + gRB
1 to T) =

Πt = 1 to T {exp[ln(1 + Rt) – ln(1+ RB
t)]},

i.e., one plus the geometric excess of the geometric re-
turns for the period is the product of terms, one for each
day, t, in the period, of the exponential, (or anti-log) of
the arithmetic excess of the logarithms of one plus the
daily return.

Again employing the equation which relates the arith-
metic excess of the incremental arithmetic returns to
the arithmetic excess of the daily returns, aΔa

t = Rt – RB
t,

aΔa
t can be tautologically inserted into the decomposi-

tion stated above to obtain:

(1 + gR1 to T)/(1+ gRB
1 to T ) =

Πt = 1 to T {exp[(ln(1 + Rt) – ln(1 + RB
t)) *

 aΔa
t/(Rt –

RB
t)]}.

(aΔa
t could not be introduced by substitution since the

term Rt – RB
t does not appear in the initial decomposi-

tion.)

If kt is defined:

kt ≡ [ln(1+ Rt) – ln(1+ RB
t)]/(Rt – RB

t), one obtains:

(1 + gR1 to T)/(1 + gRB
1 to T) = Πt =1 to T {exp(kt * aΔa

t)}.

This approach decomposes one plus the geometric ex-
cess of the geometric returns, (1 + gR1 to T)/(1 + gRB

1 to T),
into a product of constituents, {exp[kt * aΔa

t]}, where
each individual constituent is associated with a compo-
nent, aΔa

t, of the arithmetic excess of the arithmetic re-
turns for the whole period, aR1 to T – aRB

1 to T.

As is argued by Dr. David Carino (1999), and supported
by others (Surz, 1999), a serious drawback of this geo-
metric decomposition is that its constituents are not addi-
tive, but rather must be multiplied together to provide the
total excess return.5 Our intuitions of how various ele-
ments combine to contribute to a total effect are much
better informed by an additive, as opposed to a multipli-
cative, composition. For example, it would be very strange



- 5 -Winter 2000 / 2001 The Journal of Performance Measurement

indeed to say that, in some unspecified game, because I
won the first quarter by two points, the second quarter by
three points, the third quarter by four points and lost the
last quarter by 59/60 of a point then the final result is that
I tied (i.e., I won by 0 points) as deduced from the for-
mula:  (2 + 1)*(3 + 1)*(4 + 1)*(–59/60 + 1) – 1 = 0.
(Note:  When I go ahead by “x” my opponent falls be-
hind by x/[1 + x], which means that when I multiply my
score plus one by 1 + x that, my opponent‘s score plus
one gets divided by 1 + x.) This multiplicative mode of
assessment is too unintuitive to be a viable explanation
of results in either sports or in performance attribution.

AGAA:

• The arithmetic excess of geometric returns as a
scaled sum of the arithmetic excess of the incre-
mental arithmetic returns;

gR1 to T – gRB
1 to T =

Σt = 1 to T {[(gR1 to T – gRB
1 to T)/(ln(1 + gR1 to T) –

ln(1 + gRB
1 to T))] * [ln(1 + Rt) – ln(1 + RB

t)]}

= Σt = 1 to T {(kt/k) * aΔa
t},

where, aΔa
t ≡ (aR1 to t – aR1 to t -1) – (aRB

1 to t – aRB
1 to t -1),

with aR1 to t ≡ Σ
τ = 1 to t (Rτ

).

An improved approach (Carino, 19996) to performance
attribution is to decompose the arithmetic excess of the
geometric returns in terms of the arithmetic excess of
the incremental arithmetic returns. The initial move in
this decomposition can be rendered as follows:

gR1 to T – gRB
1 to T =

Σt = 1 to T {[(gR1 to T – gRB
1 to T)/(ln(1+ gR1 to T) –

ln(1+ gRB
1 to T))] * [ln(1+Rt) – ln(1+RB

t)]},

i.e., the arithmetic excess of the geometric returns for the
period is equal to the sum of terms, one for each day, t, in
the period, composed of the arithmetic excess of the geo-
metric returns for the whole period itself, gR1 to T – gRB

1 to T,

multiplied by a function of logarithmic terms. Since the
introduced function, consisting of all the logarithmic
terms, sums to one, the equality follows immediately.

The term Rt – RB
t again is not present in the decomposi-

tion. However, as in the previous approach (GGAA),
the components, aΔa

t = Rt – RB
t, associated with decision

types can be tautologically inserted:

gR1 to T – gRB
1 to T =

Σt = 1 to T {[(gR1 to T – gRB
1 to T)/

(ln(1 + gR1 to T) – ln(1 + gRB
1 to T))] *

[(ln(1 + Rt) – ln(1 + RB
t))/(Rt – RB

t)] *
 aΔa

t}.

Recalling:

kt = [ln(1 + Rt) – ln(1 + RB
t)]/(Rt – RB

t),

it follows that if k is defined:

k ≡ [ ln(1+ gR1 to T) – ln(1+ gRB
1 to T)]/ (gR1 to T – gRB

1 to T),

one obtains:

gR1 to T – gRB
1 to T = Σt = 1 to T {(kt/k ) * aΔa

t}.

Thus, this improved approach decomposes the arithmetic
excess of the geometric returns, gR1 to T – gRB

1 to T, into the
sum of constituents {(kt/k) * aΔa

t}, where each individual
constituent is again associated with aΔa

t, the arithmetic
excess of the incremental arithmetic returns for the day.
The inclusion of the term to be analyzed, gR1 to T – gRB

1 to T,
into the constituents, {}, and the tautological introduc-
tion of components, aΔa

t, in a manner which does not in-
duce any simplification, make this approach ad hoc.

There are frequent circumstances where the expressions
k and kt are both approximately equal to one (Carino,
1999, pp. 9-10). Under these circumstances, the excess
geometric return, gR1 to T – gRB

1 to T, is approximately equal
to the sum of the simple components, aΔa

t:

gR1 to T – gRB
1 to T = Σt = 1 to T {(kt/k) * aΔa

t} ≈ Σ t = 1 to T {
aΔa

t}.

The important applaudable aspects of this arithmetic
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decomposition approach are that it is exact, that the con-
stituents, {(kt/k) * aΔa

t}, are often good approximations
of their arithmetic counterparts, aΔa

t, and that its con-
stituents are summed (not multiplied), over time, t, in
order to obtain the excess geometric return. This latter
positive property of additivity makes it easier for the
accumulation of constituents to be understood intu-
itively. Thus, this approach (AGAA) is more useful to
practitioners than the previous approach (GGAA), which
employs a geometric decomposition.

One drawback of this approach (AGAA), which it shares
with the previous approach (GGAA), is its somewhat
complicated inclusion of logarithmic expressions into
the exact result for each constituent. However, beyond
just being complicated and ad hoc, the above arithmetic
decomposition has a major drawback. Because the ex-
act constituent term, {(kt/k) * aΔa

t}, for day t, depends
on k, and because k, in turn, depends on the geometric
returns, gR1 to T and gRB

1 to T, for the whole period, from
the start of day 1 to the end of day T, it follows that the
constituent for day t depends, in part, on the return of
the portfolio and the benchmark for days that come af-
ter day t. Thus, the constituent, {(kt/k) * aΔa

t}, of the
excess return associated with the day t is a-causal, in
the sense that it is meant to describe a property associ-
ated with day t, but is dependent upon values (i.e., the
returns of the portfolio and benchmark for days later in
the period) that do not actually become fixed till con-
siderably after day t has passed. Accordingly, this
method (AGAA) implies that today‘s constituent of the
excess return cannot be calculated today, because its
value depends on the portfolio‘s and benchmark‘s re-
turns for days yet to arrive.

The First Step:  The Decomposition of Excess Return
in Terms of an Excess Incremental Return

The New Mirroring Approach

AGAG:

• The arithmetic excess of geometric returns as a
simple direct sum of the arithmetic excess of the
incremental geometric returns;

gR1 to T – gRB
1 to T ≡

Σ t = 1 to T {(1 + gR1 to t - 1) * Rt – (1 + gRB
1 to t - 1) * RB

t} =

Σ t = 1 to T {aΔg
t},

where, aΔg
t ≡ (gR1 to t – gR1 to t -1) – (gRB

1 to t – gRB
1 to t -1),

with gR1 to t ≡ [Π
τ = 1 to t (1 + R

τ
)] – 1.

Why do the previous standard exact, geometric ap-
proaches (GGAA, AGAA) so quickly lead to severe
complications, such as products of exponentials whose
exponents require logarithmic coefficients or sums with
a-causal coefficients? The reason is that these approaches
are trying to force a square peg into a round hole. They
construct the excess of the geometric (compounded) re-
turns for a period, (1 + gR1 to T)/(1+ gRB

1 to T ) –1 or gR1 to T
– gRB

1 to T, out of terms incorporating aΔa
t, the arithmetic

excess of the incremental arithmetic (uncompounded)
returns for the days in the period. The more natural
course is to employ as the concept at the foundation of
an approach the term aΔg

t, the arithmetic excess of the
incremental geometric (compounded) returns for a day.
Then it becomes considerably easier to construct the
excess geometric return for the period in a simple, ex-
act and intuitive form. That is, the better approach is to
have the elements that are doing the explaining mirror
what is to be explained by constructing the arithmetic
excess geometric return for a period out of the arith-
metic excess of the incremental geometric returns for
the individual days in the period. In fact, employing aΔg

t,
instead of aΔa

t, is the crucial structural aspect that distin-
guishes the new mirroring approach from previous ap-
proaches.

Analogous to the definition of the arithmetic excess of
the incremental arithmetic returns, aΔa

t ≡ (aR1 to t – aR1 to t -1)
– (aRB

1 to t – aRB
1 to t -1), define the arithmetic excess of the

incremental geometric returns, which is central to the new
mirroring approach, as follows:

aΔg
t ≡ ( gR1 to t – gR1 to t -1 ) - (

 gRB
1 to t – gRB

1 to t -1 )=

{[Π
τ = 1 to t (1 + R

τ
)] – [Π

τ = 1 to t - 1 (1 + R
τ
)]} –

{[Π
τ = 1 to t (1 + RB

τ
)] – [Π

τ = 1 to t - 1 (1 + RB
τ
)]}.

Thus, the new mirroring approach focuses upon the in-



- 7 -Winter 2000 / 2001 The Journal of Performance Measurement

cremental difference of geometric returns, as opposed
to the incremental difference of arithmetic returns.

The geometric return for the period, up to and including
day t, is gR1 to t ≡ [Π

τ = 1 to t (1 + R
τ
)] – 1. The incremental

(single-day) geometric return for the day t is the differ-
ence between the geometric return for the period through
day t and the geometric return for the period through
day t – 1:

gR1 to t – gR1 to t -1 = {[Π
τ = 1 to t (1 + R

τ
)] – 1} –

{[Π
τ = 1 to t - 1 (1 + R

τ
)] – 1}.

It is then simple to see that:

gR1 to t – gR1 to t - 1 = [Π
τ = 1 to t -1 (1 + R

τ
)] * R t =

(1 + gR1 to t –1) * R t.

This can be intuitively understood as stating that the
amount of the change, gR1 to t – gR1 to t -1, in the geometric
return during the incremental (single-day) period, be-
tween day t - 1 and day t, is just the single day return, Rt,
of day t, applied to the proper basis, (1+ gR1 to t -1), of
what the portfolio has become by the start of day t.

It follows that:

aΔg
t = (1 + gR1 to t - 1) * Rt – (1 + gRB

1 to t - 1) * RB
t.

(This result should be compared to the arithmetic one,
aΔa

t = Rt – RB
t.)

Defining gRB
1 to 0 = 0, the return accumulated over a pe-

riod T is then obtained by summing the daily changes
over all days in the period:

gR1 to T = Σt = 1 to T [gR1 to t – gR1 to t - 1] =

Σt = 1 to T [(1 + gR1 to t - 1) * Rt ].
7

(Again, an informative comparison is to the arithmetic
result, aR1 to T = Σt = 1 to T [aR1 to t – aR1 to t - 1] = Σt = 1 to T [Rt].)

Thus:

gR1 to T – gRB
1 to T ≡

Σ t = 1 to T [(1 + gR1 to t - 1) * Rt – (1 + gRB
1 to t - 1) * RB

t] =

Σ t = 1 to T {aΔg
t}.

This successfully completes the first step of obtaining a
simple and intuitive summation as the expression of the
decomposition of the arithmetic excess of the geomet-
ric returns for the period into the arithmetic excess of
the incremental geometric returns.

This result should be compared with those obtained in
the initial steps of the previous approaches to decom-
posing the excess geometric return into analogous con-
stituent terms:

(1 + gR1 to T)/(1 + gRB
1 to T) =

Πt = 1 to T {exp[ln(1 + Rt) – ln(1+ RB
t)]},

for the geometric excess of geometric returns (GGAA),
and

gR1 to T – gRB
1 to T =

Σ t = 1 to T {[(gR1 to T – gRB
1 to T)/

(ln(1 + gR1 to T) – ln(1 + gRB
1 to T))] *

[ln(1 + Rt) – ln(1 + RB
t)]},

for the arithmetic excess of geometric returns in the im-
proved approach (AGAA). (Further on, Table 3a (see
page 00) will exhibit a numerical application of these
three equations, demonstrating the intuitiveness of the
new mirroring approach.)

All three decompositions of the excess geometric re-
turn in terms of daily returns are exactly mathemati-
cally correct. However, even at the end of this initial
step of decomposition, it is seen that the standard geo-
metric approach (GGAA) explains via a product instead
of a sum, and the improved arithmetic approach (AGAA)
is a-causal. Both employ logarithmic functions. Conse-
quently, these three (GGAA, AGAA, AGAG) differ-
ent approaches do not all lead to equally successful ul-
timate decompositions. It is also important that neither
of the standard decompositions (GGAA, AGAA) re-
sult in constituents, which have any natural relationship
to the components of the excess arithmetic incremental
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return, aΔa
t, which they wish to incorporate. That is why

they have to introduce it by fiat through the insertion of
a tautological expression (multiplication by “1” where
1 = {aΔa

t/[Rt – RB
t]}) which involves the desired term,

aΔa
t, and then obtain no simplification by cancellation.

In a manner analogous to the standard approaches
(AAAA, GGAA, and AGAA), the new mirroring ap-
proach (AGAG) decomposes the excess geometric re-
turn, gR1 to T – gRB

1 to T, into individual constituents in curly
brackets,{}, which are associated with components, aΔg

t,
of the excess return. However, in this new mirroring
case, the incorporation of the desired component did
not occur by tautological fiat without simplification, but
rather, it was introduced through a natural substitution,
as in the original arithmetic approach (AAAA).

This first step of the new mirroring approach to the de-
composition of the excess geometric return has a num-
ber of important properties. The result, while being ex-
act, is considerably simpler than that obtained by the
previous exact approaches, because the excess geomet-
ric return, gR1 to T – gRB

1 to T, is decomposed into the simple
direct sum of the components, aΔg

t, which will, in the
second step, be resolved into the sum of contributions
of the decision types. Its constituents, {aΔg

t}, are not a-
causal. The result of accumulation also makes intuitive
sense since the constituents, {aΔg

t}, are simple to under-
stand as the actual components, aΔg

t, of the arithmetic
excess incremental geometric return themselves, instead

of being a complicated function of the com-
ponents, aΔg

t, of the arithmetic excess of the
incremental arithmetic returns. Finally, at each
step the results of AGAG are good approxi-
mations of their arithmetic (AAAA) counter-
parts when compounding is negligible.

The Second Step:  The Decomposition of In-
cremental Returns and its Visualization

Three Previous Approaches

The second step in the explication of the struc-
ture of performance attribution is to decom-
pose the excess incremental return in terms
of the contributions of decision types.

AAAA:

The historically original scheme (AAAA) (Brinson,
1985, 1986, and 1991; Karnosky, 1994; and Singer,
1995) decomposes the arithmetic excess of the incre-
mental arithmetic returns as follows:

Rt – RB
t = aΔa

t = Allocation (t) + Selection (t) +

Interaction (t) = Σi{iAt} + Σi{iSt} + Σi{iIt},

or, Σi[iwt * iRt – iw
B

t * iR
B

t] ={Σi[(iwt – iw
B

t) *

(iR
B

t – RB
t)]} + {Σi[iw

B
t * (iRt – iR

B
t)]} + {Σi[(iwt – iw

B
t)

* (iRt – iR
B

t)]}

(see Appendix 2i on page 00).

The index “i” scans some segmentation of the invest-
ment universe (here called “industries”) such that the
portfolio return for a day is the weighted sum of the
returns of the segments on that day:

Rt = Σi(iwt * iRt).

The term iwt represents the weight of the industry in the
portfolio at the start of day t, and the term iRt represents
the return of industry i for the day t. The decisions on
day t are here taken to be allocation, selection and inter-

Figure 1
 The Arithmetic PAR (AAAA).

iwt

iw
B

t

iAtiA0t iIt

iSt

0 RB
t iR

B
t iRt
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action. They each, in turn, are decomposed
into the allocation, selection and interac-
tion decisions associated with each indus-
try i on that day t.

The crucial insight regarding this decom-
position is that it is not a list of contribu-
tions that just happen to add up to the de-
sired result, the arithmetic excess of the
incremental arithmetic returns, and which
it is standard to represent as an unstruc-
tured concatenation of Quadrants
(Brinson, 1985, 1986, and 1991;
Karnosky, 1994; and Singer, 1995).
Rather, the decomposition directly follows
from a geometric analogy (Fisher, 1985,
pp. 2) that can be visualized as the sum,
spanning industries, of the areas of sub-
rectangles of a Performance Attribution Rectangle,
(hereafter referred to as a PAR), where the areas of the
sub-rectangles are obtained by multiplying their bases
and heights as given by their coordinates. The very struc-
ture of a PAR incorporates the full definitions of the
contributions, which compose the excess incremental
return.

The arithmetic PAR in Figure 1 shows that the area of
the rectangle formed by the product of the portfolio’s
industry weight, iwt, and portfolio’s industry return, iRt,
minus the area formed by the product of the benchmarks

industry weight, iw
B

t, and the benchmark’s industry re-
turn, iR

B
t, is equal to the sum of the areas iAt + iSt + iIt

(contributions due to industry level allocation, selec-
tion and interaction) plus an area, iA0t. However, area
iA0t can be neglected since adding together its values
for all industries, for any day t, gives zero:  Σi iA0t= 0.8

Thus, it is seen that attribution calculations can be made
transparent by consideration of the information provided
by the PARs, especially by reading the definitions of
the contributions off of (the areas of) the sub-rectangles
of a PAR. For example, the contribution of the alloca-
tion, iAt, of industry i on day t for arithmetic attribution

(AAAA) is just the area of the correspond-
ing sub-rectangle of the arithmetic PAR.
This area is the product of its height and
its base as obtained from its given coordi-
nates on the PAR (Figure 1):

iAt = (iwt – iw
B

t)*( iR
B

t – RB
t).

If the designated sub-rectangles of each
arithmetic PAR are simply summed over
time and over industry one obtains:

Σt = 1 to T, i {iAt + iSt + iIt} =

Σt = 1 to T, i {iwt * iRt – iw
B

t * iR
B

t} =

Σ t = 1 to T {Rt – RB
t} = aR1 to T – aRB

1 to T,

Figure 3
The New Mirroring PAR (AGAG).

iwt

iw
B

t

m
iAt

m
iA0t

m
iIt

m
iSt

0 (1 + gRB
1 to t - 1)*RB

t (1 + gRB
1 to t - 1)*iR

B
t (1 + gR1 to t - 1)*iRt

Figure 2
The Carino/Russell PAR (AGAA).

iwt

iw
B

t

R
iAt

R
iA0t

R
iIt

R
iSt

0 (kt/k)*RB
t (kt/k)*iR

B
t (kt/k)*iRt
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which is simply the arithmetic excess of the arithmetic
returns. Recall that the historically original method
(AAAA), here represented by the arithmetic PAR of Fig-
ure 1, ignores compounding completely.

GGAA:

The single day t attribution effects, iAt, iSt, and iIt, can be
combined to obtain the geometric excess of the geo-
metric returns of the whole period, T, (Carino, 1999,
pp. 9) by multiplying the sum of these effects by the log
factor kt, and then taking the exponential and multiply-
ing the result over time and industry so that the follow-
ing decomposition is obtained:

(1 + gR1 to T)/(1+ gRB
1 to T) =

Πt =1 to T {exp[(1 + Rt)/(1 + RB
t)]} =

Πt = 1 to T {exp(kt * aΔa
t)},

or, (1 + gR1 to T)/(1+ gRB
1 to T) =

Πt = 1 to T, i {exp[kt * (iAt + iSt + iIt)]} =

Πt = 1 to T, i {(1 + πiAt) * (1 + πiSt) * (1+ πiIt)]

(See Appendix 2ii on page 00).

This multiplicative approach (GGAA) to performance
attribution cannot be visualized by a PAR.

AGAA:

The single day t, industry-specific, attribution effects,
iAt, iSt, and iIt, can be combined to obtain the arithmetic
excess of the geometric returns of the whole period, T,
(Carino, 1999, pp. 8) by multiplying each of these ef-
fects by the log factor:  kt/k, and then summing the re-
sult over time and industry so that the following de-
composition is obtained:

gR1 to T – gRB
1 to T = Σ t = 1 to T {(kt/k) * (Rt – RB

t)} =

Σ t = 1 to T {(kt/k) * aΔa
t} =

Σ t = 1 to T, i {(kt/k) * (iAt + iSt + iIt)},

or gR1 to T – gRB
1 to T = Σ t = 1 to T, i {

R
iAt + RiSt + RiIt}

(See Appendix 2v on page 00).

This approach (AGAA) can be visualized by the PAR
shown in Figure 2. The dependence upon k makes the
daily terms a-causal, since k depends upon period-wide
results.

The Second Step:  The Decomposition of Incremental
Returns and its Visualization

The New Mirroring Approach

AGAG:

The simple new mirroring alternative (AGAG) to these
previous approaches (AAAA, GGAA, AGAA) is to de-
compose the arithmetic excess of the incremental geo-
metric returns by directly employing the PAR shown in
Figure 3. As in the arithmetic (AAAA) and improved
(AGAA) approaches, for AGAG there is one PAR for
each industry on each day.

As follows from the calculation in Appendix 1 (see page
00), this decomposition (AGAG) can be written:

gR1 to T – gRB
1 to T = Σt = 1 to T {

aΔg
t} =

Σt = 1 to T , i {(1 + gR1 to t - 1) * (iwt *i Rt) –

(1 + gRB
1 to t - 1) * (iw

B
t *iR

B
t)}.

In a construction parallel to the presentation of the pre-
vious approaches, as put forth in the preceding section,
an individual term can be represented by the mirroring
PAR of Figure 3, and each such PAR can be analyzed:

{(1 + gR1 to t - 1) * (iwt * iRt) – (1 + gRB
1 to t - 1) * (iw

B
t *

iR
B

t)}=

m
iAt + miSt + miIt.

Then the straightforward sum over industries and days
of the various contributions of this decomposition di-
rectly gives the arithmetic excess of the geometric re-
turns:
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AAAA W R Wb Rb Total Total
Equities 0.7000 0.0700 0.6000 0.0800 0.0008 -0.0060 -0.0010 -0.0062 0.0024 -0.0180 -0.0030 -0.0186
Bonds 0.2000 0.0750 0.4000 0.0600 0.0024 0.0060 -0.0030 0.0054 0.0072 0.0180 -0.0090 0.0162
Cash 0.1000 0.0600 0.0000 0.0500 -0.0022 0.0000 0.0010 -0.0012 -0.0066 0.0000 0.0030 -0.0036
Total 1.0000 0.0700 1.0000 0.0720 0.0010 0.0000 -0.0030 -0.0020 0.0030 0.0000 -0.0090 -0.0060

R-Rb= -0.0020 3*R-3*Rb= -0.0060

GGAA W R Wb Rb Total Total
Equities 0.7000 0.0700 0.6000 0.0800 0.0007 -0.0056 -0.0009 -0.0058 0.0022 -0.0167 -0.0028 -0.0172
Bonds 0.2000 0.0750 0.4000 0.0600 0.0022 0.0056 -0.0028 0.0051 0.0067 0.0169 -0.0084 0.0152
Cash 0.1000 0.0600 0.0000 0.0500 -0.0021 0.0000 0.0009 -0.0011 -0.0061 0.0000 0.0028 -0.0034
Total 1.0000 0.0700 1.0000 0.0720 0.0009 0.0000 -0.0028 -0.0019 0.0028 0.0000 -0.0084 -0.0056

 (1+R)/(1+Rb)-1= -0.0019 (1+R3)/(1+Rb3)-1= -0.0056
R1= 0.0700 Rb1= 0.0720 k1= 0.9337
R2= 0.1449 Rb2= 0.1492
R3= 0.2250 Rb3= 0.2319

GGGA W R Wb Rb Total Total
Equities 0.7000 0.0700 0.6000 0.0800 0.0007 -0.0056
Bonds 0.2000 0.0750 0.4000 0.0600 0.0022 0.0056
Cash 0.1000 0.0600 0.0000 0.0500 -0.0021 0.0000
Total 1.0000 0.0700 1.0000 0.0720 0.0009 0.0000 -0.0028 -0.0019 0.0028 0.0000 -0.0084 -0.0056

(1+R3)/(1+Rb3)-1= -0.0056

GGGA2 W R Wb Rb Total Total
Equities 0.7000 0.0700 0.6000 0.0800 0.0007 -0.0065 ? ? ? ?
Bonds 0.2000 0.0750 0.4000 0.0600 0.0022 0.0028 ? ? ? ?
Cash 0.1000 0.0600 0.0000 0.0500 -0.0021 0.0009 ? ? ? ?
Total 1.0000 0.0700 1.0000 0.0720 0.0009 -0.0028 -0.0019 0.0028 -0.0084 -0.0056

(1+R3)/(1+Rb3)-1= -0.0056

AGAA W R Wb Rb Total Total
Equities 0.7000 0.0700 0.6000 0.0800 0.0009 -0.0069 -0.0011 -0.0071 0.0028 -0.0206 -0.0034 -0.0213
Bonds 0.2000 0.0750 0.4000 0.0600 0.0028 0.0069 -0.0034 0.0062 0.0083 0.0206 -0.0103 0.0186
Cash 0.1000 0.0600 0.0000 0.0500 -0.0025 0.0000 0.0011 -0.0014 -0.0076 0.0000 0.0034 -0.0041
Total 1.0000 0.0700 1.0000 0.0720 0.0011 0.0000 -0.0034 -0.0023 0.0034 0.0000 -0.0103 -0.0069

R-Rb= -0.0020 R3-Rb3= -0.0069
k1= 0.9337 k = 0.8140

AGAA2 W R Wb Rb Total Total
Equities 0.7000 0.0700 0.6000 0.0800 0.0008 -0.0060 -0.0010 -0.0062 0.0024 -0.0179 -0.0032 -0.0187
Bonds 0.2000 0.0750 0.4000 0.0600 0.0024 0.0060 -0.0030 0.0054 0.0072 0.0181 -0.0097 0.0157
Cash 0.1000 0.0600 0.0000 0.0500 -0.0022 0.0000 0.0010 -0.0012 -0.0066 0.0000 0.0028 -0.0038
Total 1.0000 0.0700 1.0000 0.0720 ? ? ? ? 0.0030 0.0002 -0.0101 -0.0069

R3-Rb3= -0.0069

AGAG W R Wb Rb Total Total
Equities 0.7000 0.0700 0.6000 0.0800 0.0008 -0.0060 -0.0010 -0.0062 0.0026 -0.0196 -0.0033 -0.0203
Bonds 0.2000 0.0750 0.4000 0.0600 0.0024 0.0060 -0.0030 0.0054 0.0077 0.0191 -0.0096 0.0173
Cash 0.1000 0.0600 0.0000 0.0500 -0.0022 0.0000 0.0010 -0.0012 -0.0071 0.0000 0.0032 -0.0039
Total 1.0000 0.0700 1.0000 0.0720 0.0010 0.0000 -0.0030 -0.0020 0.0032 -0.0005 -0.0097 -0.0069

R3-Rb3= -0.0069

? ?

Allocation

? ?
? ?

?
?
?

?
?
?

?
?
?

Selection

Selection

Selection

Allocation

Allocation

Allocation

Interaction

Interaction

Interaction

Interaction

Interaction

Selection

Selection

Interaction

Allocation

Allocation

Selection &
Interaction

Allocation Selection

Allocation
Selection &
Interaction

?
?
?

Allocation Selection Interaction

Allocation Selection Interaction

Allocation Selection Interaction

Allocation Selection Interaction

Allocation Selection Interaction

Allocation Selection Interaction

Input Weights and Returns First-period Contributions to 3 Periods
Rebalanced

3-Period Contributions to 3 Periods

Table 1
Numerical Comparison of Contributions Where Compounding Effects Are Small.
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Input Weights and Returns First-period Contributions to 3 Periods
Rebalanced

3-Period Contributions to 3 Periods

Table 2
Numerical Comparison of Contributions Where Compounding Effects Are Large.

AAAA W R Wb Rb Total Total
Equities 0.4000 0.4200 0.5400 0.4100 -0.0252 0.0054 -0.0014 -0.0212 -0.0756 0.0162 -0.0042 -0.0636
Bonds 0.3000 -0.0700 0.1000 0.0500 -0.0360 -0.0120 -0.0240 -0.0720 -0.1080 -0.0360 -0.0720 -0.2160
Cash 0.3000 0.0700 0.3600 0.0100 0.0132 0.0216 -0.0036 0.0312 0.0396 0.0648 -0.0108 0.0936
Total 1.0000 0.1680 1.0000 0.2300 -0.0480 0.0150 -0.0290 -0.0620 -0.1440 0.0450 -0.0870 -0.1860

R-Rb= -0.0620 3*R-3*Rb= -0.1860

GGAA W R Wb Rb Total Total
Equities 0.4000 0.4200 0.5400 0.4100 -0.0208 0.0045 -0.0012 -0.0175 -0.0611 0.0136 -0.0035 -0.0517
Bonds 0.3000 -0.0700 0.1000 0.0500 -0.0296 -0.0100 -0.0198 -0.0583 -0.0862 -0.0296 -0.0583 -0.1649
Cash 0.3000 0.0700 0.3600 0.0100 0.0111 0.0182 -0.0030 0.0264 0.0336 0.0555 -0.0090 0.0812
Total 1.0000 0.1680 1.0000 0.2300 -0.0393 0.0126 -0.0239 -0.0504 -0.1132 0.0383 -0.0700 -0.1437

 (1+R)/(1+Rb)-1= -0.0504 (1+R3)/(1+Rb3)-1= -0.1437
R1= 0.1680 Rb1= 0.2300 k1= 0.8342
R2= 0.3642 Rb2= 0.5129
R3= 0.5934 Rb3= 0.8609

GGGA W R Wb Rb Total Total
Equities 0.4000 0.4200 0.5400 0.4100 -0.0205 0.0044
Bonds 0.3000 -0.0700 0.1000 0.0500 -0.0293 -0.0098
Cash 0.3000 0.0700 0.3600 0.0100 0.0107 0.0176
Total 1.0000 0.1680 1.0000 0.2300 -0.0390 0.0122 -0.0237 -0.0504 -0.1126 0.0370 -0.0696 -0.1437

(1+R3)/(1+Rb3)-1= -0.1437

GGGA2 W R Wb Rb Total Total
Equities 0.4000 0.4200 0.5400 0.4100 -0.0205 0.0034 ? ?
Bonds 0.3000 -0.0700 0.1000 0.0500 -0.0293 -0.0305 ? ?
Cash 0.3000 0.0700 0.3600 0.0100 0.0107 0.0152 ? ?
Total 1.0000 0.1680 1.0000 0.2300 -0.0390 -0.0118 -0.0504 -0.1126 -0.0351 -0.1437

(1+R3)/(1+Rb3)-1= -0.1437

AGAA W R Wb Rb Total Total
Equities 0.4000 0.4200 0.5400 0.4100 -0.0362 0.0078 -0.0020 -0.0305 -0.1087 0.0233 -0.0060 -0.0915
Bonds 0.3000 -0.0700 0.1000 0.0500 -0.0518 -0.0173 -0.0345 -0.1035 -0.1553 -0.0518 -0.1035 -0.3106
Cash 0.3000 0.0700 0.3600 0.0100 0.0190 0.0311 -0.0052 0.0449 0.0569 0.0932 -0.0155 0.1346
Total 1.0000 0.1680 1.0000 0.2300 -0.0690 0.0216 -0.0417 -0.0892 -0.2071 0.0647 -0.1251 -0.2675

R-Rb= -0.0620 R3-Rb3= -0.2675
k1= 0.8342 k = 0.5802

AGAA2 W R Wb Rb Total Total
Equities 0.4000 0.4200 0.5400 0.4100 -0.0252 0.0054 -0.0014 -0.0212 -0.0737 0.0163 -0.0087 -0.0661
Bonds 0.3000 -0.0700 0.1000 0.0500 -0.0360 -0.0120 -0.0240 -0.0720 -0.1042 -0.0356 -0.1456 -0.2854
Cash 0.3000 0.0700 0.3600 0.0100 0.0132 0.0216 -0.0036 0.0312 0.0401 0.0662 -0.0223 0.0840
Total 1.0000 0.1680 1.0000 0.2300 ? -0.1377 0.0469 -0.1766 -0.2675

R3-Rb3= -0.2675

AGAG W R Wb Rb Total Total
Equities 0.4000 0.4200 0.5400 0.4100 -0.0252 0.0054 -0.0014 -0.0212 -0.0943 -0.0276 0.0071 -0.1147
Bonds 0.3000 -0.0700 0.1000 0.0500 -0.0360 -0.0120 -0.0240 -0.0720 -0.1347 -0.0434 -0.0869 -0.2651
Cash 0.3000 0.0700 0.3600 0.0100 0.0132 0.0216 -0.0036 0.0312 0.0494 0.0755 -0.0126 0.1124
Total 1.0000 0.1680 1.0000 0.2300 -0.0480 0.0150 -0.0290 -0.0620 -0.1797 0.0045 -0.0923 -0.2675

R3-Rb3= -0.2675

? ? ?
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? ?
? ?

Allocation Selection Interaction Allocation

Selection Interaction

Allocation Selection Interaction Allocation Selection Interaction

Allocation Selection Interaction Allocation
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? ? ? ?

?
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Allocation Selection Interaction Allocation Selection Interaction
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gR1 to T – gRB
1 to T = Σt = 1 to T, i {

m
iAt + miSt + miIt}.

(See Appendix 1 on page 00 for details of the calculation.)

The visualization, by means of PARs, of the new mir-
roring geometric approach (AGAG and Figure 3) dem-
onstrates its simplicity, while making obvious the in-
tuitive internal logic for compounding attribution effects.
Unlike the situation with the previous improved ap-
proach (AGAA), the new mirroring approach (AGAG)
does not just arbitrarily “distribute the error in the (arith-
metic) approximation among the effects” (Carino, 1999,
pp. 9). Rather, the contributions are defined in a man-
ner that gives them a clear intuitive meaning. Unlike

the improved approach (AGAA), the new mirroring ap-
proach (AGAG) is not a-causal. Furthermore, the new
mirroring approach (AGAG) preserves the important
additivity property in that it is the simple direct sum of
the contributions that correctly give the exact arithmetic
excess of the geometric returns.

As an example of how the new mirroring PAR correctly
informs the intuition, consider the explication of the
contribution, m

iSt, to the arithmetic excess geometric
return, gR1 to T – gRB

1 to T, due to stock selection of indus-
try i on day t. As can be read off the PAR of Figure 3,
m

iSt is equal to the benchmark weight, iw
B

t, of the indus-
try at the start of the day multiplied by an incremental

Table 3a
The Importance of the Basis for the Incremental Excesses.

t R 1+R 1+gR

0 1.00 1.00 $100.00
1 15% 1.15 1.15 $115.00
2 -60% 0.40 0.46 $46.00
3 15% 1.15 0.53 $52.90

Close of Day t.

MV

Portfolio Market 
Value at Portfolio Return 

for Day t.

t R^B 1+R^B 1+gR^B

0 1.0 1.00 $100.00
1 10% 1.1 1.10 $110.00
2 10% 1.1 1.21 $121.00
3 10% 1.1 1.33 $133.10

MV^B

Benchmark Market 
Value at 

Close of Day t. for Day t.
Benchmark Return

For every $100 the portfolio started with it lost $80.20 relative to the benchmark over the total period. This loss came
from a $5.00 relative gain on the first day; an $80.00 relative loss on the second day; and a $5.20 relative loss on the
third day.

0 0.00% 0.00% 0.00% $0.00 $0.00
1 5.00% 5.00% 5.00% $5.00 $5.00
2 -70.00% -75.00% -80.00% -$75.00 -$80.00
3 5.00% -80.20% -5.20% -$80.20 -$5.20
sum = -60.00% -80.20% -$80.20

-60.26%

Excess 
Arithmetic 

Return
for Day t.

Excess 
Geometric 

Return
for Day t.

Incremental 
Excess Market 
Value at Close  

of Day t.

Incremental 
Excess 

Geometric 
Return

for Day t.

Excess 
Market 
Value at 

Close
 of Day t.

1 + gR MV t RB 1 + RB 1 + gRB MVB

t R - RB gR - gRB D(gR - gRB) MV - MVB D(MV - MVB)

(1 + gR)/(1 +gRB) - 1
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difference term, {(1 + gR1 to t - 1) * iRt – (1 + gRB
1 to t - 1) * iR

B
t},

which is simply the portfolio’s industry return on the
amount by which the portfolio has grown, during the
period up till day t, minus the benchmark’s industry re-
turn on the amount by which the benchmark has grown.
This weighted excess captures the intuition that the
greater the difference between the amount that the in-
dustry causes the portfolio to grow and the amount that
the industry causes the benchmark to grow, the more
the industry contributes to the excess geometric return
for the period. See Appendix 2 (see page 00) for a full
comparison of the algebraic form of the contributions
{m

iAt, 
m

iSt, 
m

iIt} and their concatenations in the new mir-
roring approach (AGAG) to those of other approaches
(AAAA, GGAA, GGGA, GGGA2, AGAA, and
AGAA2) to performance attribution.

It is worth mentioning that for none of the stated ap-
proaches is it true that an individual industry’s alloca-
tion (or selection, or interaction) defined for the weights
and returns for a period taken as a whole, identically
equals the combination of that industry’s allocations of
the sub-periods that comprise the whole period.9 This
suggests that the allocation for the whole period should,
for consistency, always be considered to be the result
derived from the set of the most atomic periods consid-
ered. The frequency of evaluating the price of the whole
portfolio puts a lower limit on how short the most atomic
time period can be.

Additionally, for the only two complete cases (AGAA
and AGAG) that explain the arithmetic excess of geo-
metric returns exactly, today’s contribution to the month
is not today’s contribution to the year.

NUMERICAL COMPARISONS

All discussed approaches give approximately the same
results within the limits in which we would expect them
to agree and in which we would expect our intuitions to
be reliable. These are situations in which compounding
can be ignored, since the value of the portfolio and
benchmark do not change significantly during a single
day. Table 1 (see page 00) compares the values of the
contributions obtained by each of the approaches for a
numerical example in which compounding is negligible
(Carino, 1999).10 Table 2 (see page 00) compares the
values of the same approaches for a case with larger
returns, making compounding more significant. As
would be expected, in this second case the comparison
shows that the results of the different approaches are
quite dissimilar (equity selection even changes sign),
thus forcing a practical choice between the different
approaches.

One structural difference between the new mirroring ap-
proach (AGAG) and some of the other approaches

While the components of both AGAA and AGAG match the change in the relative Market Value for the whole
period, only AGAG’s components match the daily change in relative Market Value and geometrically accumulated
excess returns, as given in Appendix 5a.

Table 3b
The Components Proposed by the Different Approaches for Explaining the Excess Incremental

Returns

AAAA
t R-R^B

0
1 5.00% 4.55% 3.86% 5.00%
2 -70.00% -63.64% -87.93% -80.00%
3 5.00% 4.55% 3.86% -5.20%
sum= -60.00% -80.20% -80.20%

{Πt[(1+R)/(1+R^B)]} -1= -60.26%

AGAG
(1+gR(t-1))*R-(1+gR^B(t-1))*R^B

GGAA & GGGA
(1+R)/(1+R^B)-1

AGAA
(kt/k)*(R-R^B)R - RB (1 + R)/(1 + RB) - 1 (kt/k) * (R - RB) ((1 + gRt - 1) * R - (1 + gRB

t - 1) * RB)

{Πt[(1 + R)/(1 + RB) - 1]}
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(AAAA, GGAA, GGGA, and AGAA) will be pointed
out. For the numerical example of Table 1 (see page 00),
these approaches have zero total selection for the first
sub-period. The two subsequent sub-periods replicate the
weights and returns of the first period. In this case, all the
other such approaches obtain zero selection for these sub-
periods also, and thus, for the total period. However, the
new mirroring approach (AGAG) obtains nonzero se-
lection for these subsequent periods because the returns
of these periods are creating wealth starting from a dif-
ferent basis. That is, due to the change, from day to day,
of the difference between the portfolio’s geometric fac-
tor and the benchmark’s geometric factor, (1 + gR1 to 2 - 1) –
(1 + gRB

1 to 2 - 1)≠ (1 + gR1 to 1 - 1) – (1 + gRB
1 to 1 - 1), the selec-

tion can change from day to day even if the weights and
returns themselves do not change from day to day. In
other words, how much a decision regarding a portfolio
contributes on a day to a total period depends on the
amount to which the portfolio grew relative to the bench-
mark in the previous days. If the portfolio previously lost
a great deal of its capital, a subsequent very good deci-
sion still might not be good enough to contribute posi-
tively to the excess return.11

As a simple buy-and-hold example of the importance of
using the correct basis, consider the case, exhibited in
Table 3a (see page 00). A portfolio starts with $100 and
returns 15%, –60%, and 15% on three subsequent days.
Simultaneously, the benchmark (normalized and with-
out cash flows) starts with $100 and returns 10% on each
of these three days. On the first day the portfolio outper-
forms the benchmark by R1 – R1

B = 15% – 10% = 5%,
while increasing its market value over the benchmark by
$5.00. On the third day the portfolio again outperforms
the benchmark by 5%, but on this day the portfolio de-
creases its market value relative to the benchmark by
$5.20. As it is the purpose of performance attribution to
indicate the reasons that $5.00 was gained relative to the
benchmark on the first day, it is also its purpose to ex-
plain the reason that $5.20 was lost relative to the bench-
mark on the third day, despite the fact that the portfolio
outperformed the benchmark on this third day. The ex-
planation is the low portfolio basis at the start of the third
day, brought on by the large portfolio loss on the second
day. Table 3b (see page 00) exhibits the values of the
contributions according to the different approaches. These
contributions are calculated by applying the equations ob-
tained at the end of the first step, which decompose the

excess return for the period into their corresponding
single-day constituents. It is seen that the new mirroring
approach (AGAG) is the only one for which the single-
day constituents of the excess return match the arithmetic
incremental change in the excess period-to-date com-
pounded returns, Δ(gR1 to T – gRB

1 to T) and, a fortiori, match
the change in the excess market values on a daily basis.
(Of course, GGAA and GGGA are not even aiming to
match an arithmetic excess.) The upshot of this example
is not affected by the injection of large cash flows, since
the benchmark holdings on a day would then be scaled to
keep them in line with such changes in the portfolio hold-
ings.

EXTENSIONS

This new mirrored decomposition method (AGAG) can
be further developed to include the insights of Brinson
Partners (Karnosky, 1994, 1995, and Singer, 1998) re-
garding currency effects and hedging. It can also be
extended to include other important concerns of perfor-
mance attribution such as inter-day trades, and/or to be
applicable at the issue level, in a manner formally analo-
gous, and appropriately related, to the method expli-
cated above for the industry level. At the issue level one
obtains, both for a single day and for the whole period,
the individual issue’s allocation, selection, and interac-
tion contribution to the arithmetic excess of the geo-
metric returns of the whole portfolio. The new mirror-
ing method (AGAG) can also be applied simultaneously
at a number of levels to give, for example, sector selec-
tion, industry selection within sectors, and stock selec-
tion within industries, in a manner which sums up to the
excess geometric return for the total of many concat-
enated periods. (See Bodie, 1986, pp. 793-797, for a
single period example of this cascading multilevel ap-
proach.) The method (AGAG) can be further developed
to separate out the components of compounding from
the components attributable to the decisions of each day
in isolation, for each type of contribution at the issue,
industry and portfolio level.12 In all variations of the new
mirroring approach (AGAG), the PARs can always be
directly summed to produce the exact excess geometric
return. These PARs can be visualized to make the logic
of performance attribution intuitively clear and, thus,
lead to still other important insights into the attribution
of performance.
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CONCLUSION

The new mirroring approach (AGAG) to performance
attribution developed herein is exact, simply additive,
timely, natural, easily visualized, and general. It exactly
decomposes the excess compounded return for an ex-
tended period of a portfolio over its benchmark, into a
simple sum of contributions, at the daily and/or indus-
try level, individually attributable to the allocation, se-
lection and interaction effects which comprise it, with-
out introducing any a-causal elements and where each
contribution is derived by taking account of compound-
ing. This decomposition is achieved quite naturally by
relying upon the excess of the incremental geometric
returns instead of the excess of the incremental arith-
metic returns. Thus, the arithmetic excess of the geo-
metric returns for a period is decomposed into elements,
which logically mirror its structure.

The visualization of a decomposition by means of PARs
(Figures 1, 2, and 3 (see pages 00-00)) demonstrates its
simplicity, and makes its internal logic intuitively clear.
In addition, employing PARs facilitates the compari-
son of various approaches to performance attribution,
such as Brinson’s uncompounded attribution (AAAA),

amirabelli@tiaa-cref.org

APPENDIX 1

The detailed decomposition for the new mirroring approach (AGAG)

Starting from the results of the section on the First Step on AGAG, the calculation of the new mirroring approach
(AGAG) goes as follows:

gR1 to t – gRB
1 to t = Σt = 1 to T {(1 + gR1 to t -1) * Rt – (1 + gRB

1 to t -1) * RB
t}

= Σt = 1 to T {(1 + gR1 to t - 1) * Σ i( iwt *iRt) – (1 + gRB
1 to t -1) * Σ i(iw

B
t *iR

B
t)}

= Σt = 1 to T Σi{(1 + gR1 to t -1) * (iwt *i Rt) – (1 + gRB
1 to t -1) * (iw

B
t *iR

B
t)}.

gR1 to t – gRB
1 to = Σt = 1 to T, i {(1 + gR1 to t -1) * (iwt *iRt) – (1 + gRB

1 to t -1) * (iw
B

t *iR
B

t)}.

Thus, the arithmetic excess of the geometric returns is just the sum, over days and over industries, of the named

the a-causal log-factor approach (AGAA) of Carino/
Frank Russell Company, and the new mirroring approach
described in this paper (AGAG). This new mirroring
solution (AGAG) is directly extendable, in a manner
that can also be illustrated by PARs, to the full country/
currency decompositions expounded by Brinson Part-
ners, to the inclusion of inter-day transactions, as well
as to analysis at the issue level and to a combination of
sector and industry (and issue) levels.
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rectangles, m
iA0t , 

m
iAt , 

m
iSt and m

iIt, of the new mirroring PAR (Figure 3 (see page 00)).

Consider:  Σi{
 m

iA0t} = Σi{
 (iwt – iw

B
t) * (1 + gRB

1 to t -1) * RB
t}

= (1 + gRB
1 to t -1) * Σi{ RB

t *
 (iwt – iw

B
t) } = (1 + gRB

1 to t -1) * Σi{
 
iA0t}

= [(1 + gRB
1 to t -1) * RB

t * {[Σi( iwt)] – [Σi( iw
B

t)]}]

= [(1 + gRB
1 to t -1) * RB

t * {1 – 1}] = 0.

Thus, the upper left-hand rectangles of the new mirroring PARs can be ignored since the sum over i will ultimately
be applied. Therefore, the following can be read off the new mirroring PAR:

{(1 + gR1 to t -1) * (iwt * iRt) – (1 + gRB
1 to t -1) * (iw

B
t *iR

B
t)} =

= {(iwt – iw
B

t) * [(1 + gRB
1 to t -1) * iR

B
t – (1 + gRB

1 to t -1) * RB
t]

+ iw
B

t * [(1 + gR1 to t - 1) * iRt – (1 + gRB
1 to t -1) * iR

B
t ]

+ (iwt – iw
B

t) * [(1 + gR1 to t -1) * iRt – (1 + gRB
1 to t -1) * iR

B
t]}

+ {( iwt – iw
B

t) * (1 + gRB
1 to t -1) * RB

t}

= miAt + miSt + miIt + miA0t, and thus:  gR1 to T – gRB
1 to T = Σt = 1 to T, i {

m
iAt + miSt + miIt}.

That is, the arithmetic excess of the geometric returns is the sum, over days and over industries, of the specified
three rectangles of the new mirroring PAR (Figure 3 (see page 00)) representing the allocation, selection, and
interaction contributions for industry i on day t.

APPENDIX 2

A Comparison of the Algebraic Structure of Various Approaches to Performance Attribution

2i

The arithmetic excess of arithmetic returns as a direct sum of the contributions (iAt, iSt, and iIt) to the arithmetic
excess of the incremental arithmetic returns (AAAA = Brinson):

iAt = (iwt – iw
B

t) * ( iR
B

t – RB
t),

iSt = iw
B

t * (iRt – iR
B

t),

iIt = (iwt – iw
B

t) * (iRt – iR
B

t),

iCt = iAt + iSt + iIt.



- 18 -The Journal of Performance Measurement Winter 2000 / 2001

iA1 to T = Σt = 1 to T  iAt, At = Σi  iAt,

iS1 to T = Σt = 1 to T  iSt, St = Σi  iSt,

iI1 to T = Σt = 1 to T  iIt. It = Σi  iIt,

iC1 to T = iA1 to T + iS1 to T + iI1 to T. Ct = At + St + It = aΔa
t = Rt – RB

t.

A1 to T = Σi  iA1 to T = Σt = 1 to T  At,

S1 to T = Σi  iS1 to T = Σt = 1 to T  St,

I1 to T = Σi  iI1 to T = Σt = 1 to T  It,

C1 to T = A1 to T + S1 to T + I1 to T.

aR1 to T – aRB
1 to T = Σt = 1 to T {Rt – RB

t} = Σt = 1 to T, i {iwt * iRt – iw
B

t * iR
B

t}

= Σt = 1 to T, i {iCt} = Σi {iC1 to T} = Σt = 1 to T {Ct} = C1 to T.

Since all the contributions (iCt, iC1 to T, and Ct) are obtained, from iAt, iSt, and iIt, by sums, which all commute, the
total excess return (C1 to T = aR1 to T – aRB

1 to T) is produced by appropriately summing any set of contributions. This
approach (AAAA), which is depicted by the PAR in Figure 1 (see page 00), analyzes the excess arithmetic
(uncompounded) returns.

2ii

The geometric excess of geometric returns plus one as a product of a function of the contributions (iAt, iSt, and iIt)
to the arithmetic excess of the incremental arithmetic returns (GGAA = Multiplicative):

kt = {[(ln(1 + Rt) – ln(1 + RB
t))/(Rt – RB

t)].

π
iAt = –1 + exp[kt * iAt],

π
iSt = –1 + exp[kt * iSt],

π
iIt = –1 + exp[kt * iIt ],

π
iCt = –1 + (1 + πiAt) * (1 + πiSt) * (1 + πiIt).

π
iA1 to T = –1 + Πt = 1 to T  (1 + πiAt),

πAt = –1 + Πi  (1 + πiAt),

π
iS1 to T = –1 + Πt = 1 to T  (1 + πiSt),

πSt = –1 + Πi  (1 + πiSt),
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π
iI1 to T = –1 + Πt = 1 to T  (1 + πiIt),

πIt = –1 + Πi  (1 + πiIt),

π
iC1 to T = –1+ (1 + π

iA1 to T) * (1 + π
iS1 to T) * (1 + π

iI1 to T). πCt = –1 + (1 + πAt) * (1 + πSt) * (1 + πIt),

= –1 + exp[kt * aΔa
t] = (1 + Rt)/(1 + RB

t) –1.

πA1 to T = –1 + Πi  (1+ πiA1 to T) = –1 + Πt = 1 to T  (1 + πAt),

πS1 to T = –1 + Πi  (1+ πiS1 to T) = –1 + Πt = 1 to T  (1 + πSt),

πI1 to T = –1 + Πi  (1+ πiI1 to T) = –1 + Πt = 1 to T  (1 + πIt),

πC1 to T = –1 + (1 + πA1 to T ) * (1 + πS1 to T ) * (1 + πI1 to T )

(1 + gR1 to T)/(1 + gRB
1 to T) = Πt = 1 to T  {(1 + Rt)/(1 + RB

t)} = Πt = 1 to T  {[1 + Σi(iwt * iRt)]/[1 + Σi(iwt * iR
B

t)]}

= Πt = 1 to T, i  {1 + πiCt} = Πi  {1 + πiC1 to T} = Πt = 1 to T  {1 + πCt}= 1 + πC1 to T

Since all the contributions plus one (1 + πiCt, 1 + πiC1 to T, and 1 + πCt) are obtained, from 1 + πiAt, 1 + πiSt, and 1 + πiIt,
by taking their products, which all commute, the total excess return plus one, [1 + πC1 to T = (1 + gR1 to T )/(1 + gRB

1 to T )],
is produced upon appropriately multiplying any single set of one plus the contributions.

This approach to attribution gives rise to score keeping which is thoroughly multiplicative. Consequently, there is
no PAR for this case. It also makes it comparatively more difficult to intuitively grasp the quantitative relation-
ships between the contribution values it implies and the excess return the values are meant to explicate.

2iii

The geometric excess of geometric returns plus one as a product of one plus the contributions (BKTAt,
 BKTSt, and

BKTIt) to the geometric excess of the incremental arithmetic returns plus one, (GGGA = BKT):

BKT
iAt = iAt/(1 + RB

t),

BKT
iSt = iSt/(1 + RB

t),

BKT
iIt = ?,

BKT
iCt = ?.

BKT
iA1 to T = ?, BKTAt = Σi 

 BKT
iAt,

BKT
iS1 to T = ?, BKTSt = Σi 

 BKT
iSt,

BKT
iI1 to T = ?, BKTIt = –1 + (1 + Rt )/[(1+ RB

t) * (1 + BKTAt) * (1 + BKTSt)],
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BKT
iC1 to T = ?. BKTCt = –1 + (1 + BKTAt) * (1 + BKTSt) * (1 + BKTIt)

= (1 + Rt)/(1 + RB
t) –1.

BKTA1 to T= –1 + Πt = 1 to T  (1 + BKTAt),

BKTS1 to T = –1 + Πt = 1 to T  (1 + BKTSt),

BKTI1 to T = –1 + Πt = 1 to T  (1 + BKTIt),

BKTC1 to T = –1 + (1 + BKTA1 to T) * (1 + BKTS1 to T) * (1 + BKTI1 to T).

(1 + gR1 to T)/(1 + gRB
1 to T) = Πt = 1 to T  {(1 + Rt)/(1 + RB

t)} = Πt = 1 to T  {(1 + BKTCt) } = 1 + BKTC1 to T.

It would be inconsistent with the above formulae to complete this chart by defining BKT
iA1 to T so that both:

BKT
iA1 to T = –1 + Πt = 1 to T  (1 + BKT

iAt) and BKTA1 to T = Σi 
 BKT

iA1 to T.

Similar problems exist for defining BKT
iS1 to T , BKT

iI1 to T and BKT
iC1 to T. Furthermore, there is also no natural way to

define BKT
iIt and BKT

iCt so that they properly relate to BKTIt and BKTCt , respectively.

The anti-intuitiveness of multiplicative score-keeping and the lack of coherent definitions of important properties
severely militate against this approach. The lack of a corresponding PAR deprives it of an important explanatory
aid.

An elegant variation on the BKT approach is offered by Carl Bacon (Bacon, 2000).

2iv

The geometric excess of geometric returns plus one as a product of one plus the contributions (BAt, and BSIt) to the
geometric excess of the incremental arithmetic returns plus one, (GGGA2 = B):

i
BAt = iAt/(1 + Rt

B),

i
BSIt =(iSt + iIt)/(1 + Xt),

Xt = Σi(iwt
P * iRt

B).

i
BCt = ?.

i
BA1 to T = ?, BAt = Σi  (i

BAt),

i
BSI1 to T = ?, BSIt = Σi  (i

BSIt),

i
BC1 to T = ?. BCt = (BAt + 1) * (BSIt + 1) – 1 = (1 + RP

t)/(1 + RB
t) – 1.
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BA1 to T = –1 + Πt (1+ BAt),

BSI1 to T = –1 + Πt (1+ BSIt),

BC1 to T = (BA1 to T + 1) * (BSI1 to T + 1) –1 = (1 + RP
1 to T)/(1 + RB

1 to T) – 1.

GGGA2 has characteristics very similar to that of GGGA.

2v

The arithmetic excess of geometric returns as a scaled sum of the contributions (iAt, iSt, and iIt) to the arithmetic
excess of the incremental arithmetic returns (AGAA = Carino/Russell):

kt/k = {[ln(1 + Rt) – ln(1 + RB
t)]/[Rt – RB

t]}/{[ln(1 + gR1 to T) – ln(1 + gRB
1 to T )]/[

gR1 to T – gRB
1 to T]}.

R
iAt = kt/k * iAt,

R
iSt = kt/k * iSt,

R
iIt = kt/k * iIt,

R
iCt = R

iAt + RiSt + RiIt.

R
iA1 to T = Σt = 1 to T

  R
iAt,

RAt = Σi  
R

iAt,

R
iS1 to T = Σt = 1 to T 

 R
iSt,

RSt = Σi  
R

iSt,

R
iI1 to T = Σt = 1 to T 

 R
iIt,

RIt = Σi  
R

iIt,

R
iC1 to T = R

iA1 to T + RiS1 to T + RiI1 to T. RCt = RAt + RSt + RIt,

= ( kt/k) * aΔa
t = (kt/k) * (Rt – RB

t).

RA1 to T = Σi 
 R

iA1 to T = Σt = 1 to T  
RAt,

RS1 to T = Σi
  R

iS1 to T = Σt = 1 to T  
RSt,

RI1 to T = Σi 
 R

iI1 to T = Σt = 1 to T
  RIt,

RC1 to T = RA1 to T + RS1 to T + RI1 to T.

gR1 to T – gRB
1 to T = Σt = 1 to T  {(kt/k) * (Rt – RB

t)} = Σt = 1 to T, i  {(kt/k) * (iwt * iRt – iw
B

t * iR
B

t)}

= Σt = 1 to T, i  {
R

iCt} = Σi  {
R

iC1 to T} = Σt = 1 to T  {
RCt} = RC1 to T.
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Since all the contributions (R
iCt , 

R
iC1 to T , and RCt) are obtained, from RiAt , 

R
iSt and RiIt, by sums, which all commute,

the total excess return (RC1 to T = gR1 to T – gRB
1 to T) is produced upon appropriately summing over any set of contribu-

tions. This approach is depicted by the PAR in Figure 2 (see page 00). The a-causality introduced through k is the
most damaging drawback of this method.

Another variation on the BKT approach is sometimes employed.

2vi

The arithmetic excess of geometric returns as a sum of components (PA1 to T, PS1 to T, and PIs1 to T) which are functions
of contributions to the arithmetic excess of the incremental arithmetic returns, (AGAA2 = P):

P
iAt = iAt,

P
iSt = iSt,

P
iIt = iIt,

P
iCt = iAt + iSt + iIt.

P
iA1 to T = –1 + Πt = 1 to T  (1 + PiAt),

PAt = ?,

P
iS1 to T = –1 + Πt = 1 to T  (1 + PiSt),

PSt  = ?,

P
iI1 to T = –1 + Πt = 1 to T  (1+ PiIt),

PIt   = ?,

P
iIs1 to T = PiI1 to T

+ [(gR1 to T – gRB
1 to T) – (PA1 to T + PS1 to T + PI1 to T)]

* | PiI1 to T |/ Σi|
 P

iI1 to T |,
PIst = ?,

P
iC1 to T = PiA1 to T + PiS1 to T + P

iIs1 to T. PCt = ?.

PA1 to T = Σi 
 P

iA1 to T,

PS1 to T = Σi  
P

iS1 to T,

PI1 to T = Σi 
 P

iI1 to T,

PIs1 to T = Σi  
P

iIs1 to T,

gR1 to T – gRB
1 to T = PA1 to T + PS1 to T + PIs1 to T = Σi {

P
iC1 to T}= P C1 to T.

It would be inconsistent with the above formulae to complete this chart by defining PAt so that both:
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PAt = Σi 
P

iAt  and 
PA1 to T = –1 + Πt = 1 to T ( 1 + PAt ).

Similar problems exist for defining PSt, 
PIt, 

PIst and PCt. The anti-intuitiveness of multiplicative score-keeping and
the lack of coherent definitions of important properties severely militate against this approach. The resulting lack
of a corresponding PAR deprives it of an important explanatory aid.

2vii

The arithmetic excess of geometric returns as a direct sum of contributions (m
iAt, 

m
iSt, and m

iIt) to the arithmetic
excess of the incremental geometric returns (AGAG = mirrored):

m
iAt = (iwt – iw

B
t) * (1 + gRB

1 to t - 1) * (iR
B

t – RB
t),

m
iSt = iw

B
t * [(1 + gR1 to t - 1) * iRt – (1 + gRB

1 to t - 1) * iR
B

t],

m
iIt = (iwt – iw

B
t
 ) * [(1 + gR1 to t - 1) * iRt – (1 + gRB

1 to t - 1) * iR
B

t],

m
iCt = m

iAt + miSt + miIt.

m
iA1 to T = Σ t = 1 to T 

 m
iAt,

mAt = Σi 
 m

iAt,

m
iS1 to T = Σ t = 1 to T  

m
iSt,

mSt = Σi 
 m

iSt,

m
iI1 to T = Σ t = 1 to T 

 m
iIt,

mIt = Σi 
 m

iIt,

m
iC1 to T = m

iA1 to T + miS1 to T + miI1 to T. mCt =
 mAt + mSt + mIt = aΔg

t.

= (1 + gR1 to t - 1) * Rt – (1 + gRB
1 to t - 1) * RB

t.

mA1 to T = Σi 
 m

iA1 to T = Σ t = 1 to T 
 mAt,

mS1 to T = Σi 
 m

iS1 to T = Σ t = 1 to T  
mSt,

mI1 to T = Σi 
 m

iI1 to T = Σ t = 1 to T  
mIt,

mC1 to T = mA1 to T + mS1 to T + mI1 to T.

gR1 to T – gRB
1 to T = Σt = 1 to T {(1 + gR1 to t - 1) * Rt – (1 + gRB

1 to t - 1) * RB
t}

= Σ t = 1 to T, i {(1 + gR1 to t - 1) * iwt * iRt – (1 + gRB
1 to t - 1) * iwt * iR

B
t}

= Σt = 1 to T, i {
m

iCt} = Σi {
m

iC1 to T} = Σt = 1 to T {mCt} = mC1 to T.

Since all the contributions (m
iCt, 

m
iC1 to T, and mCt) are obtained, from miAt, 

m
iSt, and miIt, by sums, which all commute,

the total excess return (mC1 to T = gR1 to T – gRB
1 to T) is produced by appropriately summing over any single set of these

contributions. This superior new mirroring approach is not a-causal and can also be depicted by a PAR, as shown
in Figure 3 (see page 00).
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ENDNOTES

1 Los (1999, pp. 169) interprets attribution methods that
average over a single time period as “exact” by assuming that
the time periods are infinitely small. He then employs a “first
order approximation” in order to apply his method to the ac-
tual finite time periods required by the fact that portfolios are
never continuously priced (Los 1999 Endnote 11). Thus, his
“exact” method eventually leads to the residues or error terms,
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which it is one of the aims of this paper to avoid.

2 It is the standard to denote the endeavor to attribute
(excess) return to variously defined components assessing
managerial decisions by the name “performance attribution”
(Brinson, 1991, pp. 47; Carino, 1999). Sometimes the term is
also used to refer to the endeavor to attribute (excess) return
to components assessing the predictive impact of historical
properties of the market. This paper only addresses the first
use of the term.

3 “To permit an unequivocal evaluation of each type of
fund management decision, an attribution analysis should
avoid error terms or un-attributable, ambiguous components
of management value,” (Burnie, 1998, pp. 59).

4 BKT (Burnie, 1998), and its relations AGAA2 and
GGGA2 (cf. Appendix 2 (see page 00)), are exceptions.
However, I will not consider them in the body of this paper
since they are incomplete. BKT and GGGA2 cannot mean-
ingfully define, in a manner which combines to give the total
excess return, the allocation or selection contribution of an
individual industry for the whole period, nor can BKT mean-
ingfully define the interaction contribution of an individual
industry even for a single day. AGAA2 cannot meaningfully
define important components at the daily level. This will all
be made explicit in Appendix 2 (see page 00).

5 Carino (1999) states “… it is natural to assume that …
‘Total’ represents the sum,” (pp. 6-7) and “We have found
that plan sponsors and consultants prefer the familiar addi-
tive presentation … over other forms” (pp. 7). Surz (Surz 1999,
pp. 14) states “Cumulative period analyses are complicated
by the fact that returns are compounded, but it is desirable to
have attribution components added.”

6 Dr. Jose G. Menchero (2000) has published a similar
a-causal model, only his coefficients are intended to have a
smaller range of variation than those (kt/k) proposed by Carino.

7 It is crucial to note that gR1 to T, which is defined in terms
of a product, is able to be written as a sum. An internal memo
of Eric Fisher and Paul Davis (Fisher, 1985, pp. 7-8) first
suggested the usefulness of this important identity to me.

8 In addition to being mathematically permitted, omit-
ting iA0t is economically appropriate. If an industry in the
benchmark earns the same return as the total benchmark it

should not be assigned a positive contribution just because its
portfolio weight is greater than its benchmark weight, or a
negative contribution if its portfolio weight is less. Such terms
will just cancel each other out, since both the portfolio and
the benchmark weights must separately sum to one. Thus, the
total benchmark return, and not zero return, is rightfully taken
as the reference level to which benchmark industry returns
are compared.

9 One reason for this is that the information about how
the weights evolve during the period is missing from the cal-
culation of the period taken as a whole. Take the simple arith-
metic approach (AAAA) as an example. For the individual
two days, t = 1 and t = 2, the stock selection for industry i is:

iS1 + iS2 = iw
B

1 * (iR1 – iR
B

1) + iw
B

2 * (iR2 – iR
B

2). However, for
the two-day period taken as a whole the stock selection for
industry i is: iS1+2 = iw

B
1+2 * (iR1+2 – iR

B
1+2) = iw

B
1 * [(iR1 + iR2)

– (iR
B

1 + iR
B

2)] = iw
B

1 * (iR1 – iR
B

1) + iw
B

1 * (iR2 – iR
B

2). Note
that the industry weight, iw

B
2, for the second day does not

appear in the determination for the value of the stock selec-
tion for the two-day period taken as a whole. Only the weight,

iw
B

1+2 = iw
B

1, at the start of the period appears.

10 The numerical results here exhibited for AGAA in
Table 1 (see page 00) differ from those Continuously Com-
pounding Effects presented by Carino (1999) in his Table 4
(see page 00). Carino’s stated (1999, pp. 7) desirable goal is
to obtain additive tables. A table of single-day results that
add to give the “Additive Effect” for the total time period
requires that the results he assigns to a single day are already
divided by k. Carino’s Table 4 exhibits Continuously Com-
pounding Effects that are not yet divided by k, and, thus, do
not represent the full additive contribution of the single day
to the Additive Effect he displays in his Table 5 (see page
00) for the total time period. Here, Table 1, on the other hand,
does present the full contribution of a single day to the total
time period and, thus, the values of AGAA for a single day in
Table 1 are simply the values of Carino’s Continuously Com-
pounding Effects of Table 4 divided by k.

11 This might suggest some connection between dollar
weighted returns and the identity:  gR1 to t = Σ

τ = 1 to t [(1+ gR1 to τ -

1) * R
τ
], which is the source of the presence of the geometric

factor. However, any such connection is spurious, as can be
seen by the fact that whether or not there are cash flows in or
out of the portfolio the identity gives the time-weighted re-
sult.
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12   One can implement this further decomposition of the
AGAG results, at all levels, by separating each individual
contribution into the corresponding AAAA result plus the
arithmetic difference between the two. The difference pro-
vides the contribution purely due to compounding. The AAAA
result provides the non-compounded portion of the contribu-
tion, which is a measure of the contribution of all the days in
isolation from each other and, for example, is never negative
on a day if the corresponding contributions for that day is
nonnegative. This further decomposition still retains all the
advantages of AGAG listed in the conclusion while provid-
ing additional analysis of the decision structure.
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Figure 1
 The Arithmetic PAR (AAAA).
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Figure 2
The Carino/Russell PAR (AGAA).
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Figure 3
The New Mirroring PAR (AGAG).
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Table 3a
The Importance of the Basis for the Incremental Excesses.

t R 1+R 1+gR

0 1.00 1.00 $100.00
1 15% 1.15 1.15 $115.00
2 -60% 0.40 0.46 $46.00
3 15% 1.15 0.53 $52.90

Close of Day t.

MV

Portfolio Market 
Value at Portfolio Return 

for Day t.

t R^B 1+R^B 1+gR^B

0 1.0 1.00 $100.00
1 10% 1.1 1.10 $110.00
2 10% 1.1 1.21 $121.00
3 10% 1.1 1.33 $133.10

MV^B

Benchmark Market 
Value at 

Close of Day t. for Day t.
Benchmark Return

t

0 0.00% 0.00% 0.00% $0.00 $0.00
1 5.00% 5.00% 5.00% $5.00 $5.00
2 -70.00% -75.00% -80.00% -$75.00 -$80.00
3 5.00% -80.20% -5.20% -$80.20 -$5.20
sum = -60.00% -80.20% -$80.20

(1+gR)/(1+gR^B) -1= -60.26%

for Day t.

Excess 
Market 
Value at 

Close
 of Day t.

D(MV - MV^B)

Incremental 
Excess Market 
Value at Close  

of Day t.

Incremental 
Excess 

Geometric 
Return

D(gR-gR^B) MV - MV^BR-R^B

Excess 
Arithmetic 

Return
for Day t.

Excess 
Geometric 

Return
for Day t.
gR-gR^B

For every $100 the portfolio started with it lost $80.20 relative to the benchmark over the total period. This loss came
from a $5.00 relative gain on the first day; an $80.00 relative loss on the second day; and a $5.20 relative loss on the
third day.

While the components of both AGAA and AGAG match the change in the relative Market Value for the whole period,
only AGAG’s components match the daily change in relative Market Value and geometrically accumulated excess
returns, as given in Appendix 5a.

Table 3b
The Components Proposed by the Different Approaches for Explaining the Excess Incremental

Returns

AAAA
t R-R^B

0
1 5.00% 4.55% 3.86% 5.00%
2 -70.00% -63.64% -87.93% -80.00%
3 5.00% 4.55% 3.86% -5.20%
sum= -60.00% -80.20% -80.20%

{Πt[(1+R)/(1+R^B)]} -1= -60.26%

AGAG
(1+gR(t-1))*R-(1+gR^B(t-1))*R^B

GGAA & GGGA
(1+R)/(1+R^B)-1

AGAA
(kt/k)*(R-R^B)


